In this paper we develop a new method of parabolic equation (PE) for calculation of both high-frequency and small-angle taper (or collimator) impedances. The applicability of PE in the high-frequency limit is based on the observation that in this case the contribution to impedance comes from the electromagnetic waves that catch up with the beam far from the obstacle and propagate at small-angles to the axis of the pipe. One of the most important advantages of PE is that it eliminates the spatial scale of the small wavelength from the problem. As a result, the numerical solution of PE requires coarser spatial meshes.
I. INTRODUCTION
Calculation of impedance of various elements of the vacuum system and associated with it beam dynamics effects, such as beam instability or wakefield induced emittance growth, are important elements of the design of a modern accelerator. Sophisticated computer codes are routinely used for such calculations and in many cases can successfully treat complicated geometries of practical problems. There are, however, situations, when simulations require extreme computing resources and long run times.
One such example is the case of very short bunches, envisioned for future linear colliders and light sources. The nominal bunch length in the International Linear Collider (ILC) [1] in the current design is 300 microns, and the rms bunch length in the Linac Coherent Light Source at SLAC [2] will be 20 microns. Since numerical calculation of short-range wake requires spatial mesh size equal to a fraction of the bunch length, submillimeter bunches represent a challenging task for the computations.
Another example where a direct numerical calculation is a difficult problem is related to long, small-angle tapers which are often used to minimize the abruptness of the vacuum chamber transitions. Small-angle collimators will also be used in the post-linac collimation section of the ILC. Numerical solution of Maxwell's equations requires a large mesh covering the full length of the transition or a collimator. The problem becomes especially difficult for short bunches.
Note that the complexity of both problems mentioned above is associated with a presence of a small parameter. For short bunches such a small parameter is the ratio of the bunch length σ z to the typical size of the structure in the vacuum chamber a that generates the impedance. If we denote by λ the inverse wavenumber c/ω with ω being the characteristic frequency of interest for the calculation of the impedance, then λ ∼ σ z , and the small parameter of the problem is λ/a. For a small-angle taper such small parameter is the ratio a/l of the transverse size a of the vacuum chamber to the characteristic length l of the taper.
A small parameter in some cases allows an analytical solution to the problem. For a small-angle taper, Yokoya [3] derived a simple expression for the impedance which is valid in the limit l ≫ a 2 /λ [4] . Several analytical results are available in the literature for the impedance in the high-frequency limit. They include the impedance of a step transition [5] and the diffraction model for the impedance of a cylindrical cavity [6] [7] [8] [9] when the length of the cavity satisfies the relation l cav ≪ b 2 /λ with b the radius of the entrance pipe to the cavity. An analytical expression was derived for the impedance of a periodic system of irises [9] [10] [11] [12] which represents a long disk-loaded accelerating cavity. Attempts were made to generalize the diffraction theory for other geometries [5] based on an integral equation approach, however, the method of reference [5] works only for some special geometries and, as one can show, does not give the correct numerical factors in the expressions for the impedance.
In this paper we develop a new method of parabolic equation (PE) for calculation of both high-frequency and small-angle taper (or collimator) impedances. Note that these two regimes of applicability of the parabolic equation are complementary-if a ≪ l (small-angle approximation) then λ can be of order of a, and in the limit λ ≪ a (high-frequency limit) the transverse size a of an obstacle that generates the impedance can be of order of its length l.
The applicability of PE in the high-frequency limit is based on the observation that in this case the contribution to impedance comes from the electromagnetic waves that catch up with the beam far from the obstacle and propagate at small-angles to the axis of the pipe. This allows us to simplify the Maxwell equation using the paraxial approximation. The resulting PE in many cases is much easier to solve than the original equations. Note that PE neglects the backward propagating waves reflected from the obstacle and incorrectly treats the waves propagating at large angles to the axis. Nevertheless, the impedance calculations are correct because those waves do not catch up with the beam and hence do not contribute to the impedance.
The parabolic equation in diffraction theory was proposed many years ago [13] and has been widely used since that time. It is also a standard approximation in the FEL theory [14] . More recently, the paraxial approximation was applied to the beam radiation problems in a toroidal waveguide [15] and in free space [16] .
One of the most important advantages of PE is that it eliminates the small wavelength λ from the problem. As a result, the numerical solution of PE requires coarser spatial meshes.
In this paper we only focus on the longitudinal impedance for an axisymmetric geometry and assume a perfect conductivity of the walls. Generalization of the method for the transverse impedance calculations will be considered in a separate publication.
The paper is organized as follows. In Section 2 we derive the parabolic equation for an axisymmetric electromagnetic field in a round pipe with slowly varying cross section. In Section 3 we apply this equation to the problem of the longitudinal impedance of abrupt transitions in the pipe. In Section 4 we study a small-angle collimator and obtain Yokoya's result for the longitudinal impedance in the limit l ≫ a 2 /λ. In Section 5 a numerical solution for a small-angle collimator is presented when l ∼ a 2 /λ, and in Section 6 the impedance of a pillbox cavity is derived. In Section 7 we discuss the main results of the paper.
We use the Gaussian system of units throughout this paper.
II. DERIVATION OF THE PARABOLIC EQUATION FOR CALCULATION OF THE LONGITUDINAL IMPEDANCE
We consider an axisymmetric geometry of a pipe with a varying radius and a straight axis which is chosen as the z axis of the cylindrical coordinate system. The pipe wall is given by the equation r = a(z). The beam is represented by a filament current I on the axis of the pipe propagating with the speed of light:
where I 0 is the amplitude of the current, and k = ω/c, with c being the speed of light. Due to the factor e −ikct in this equation all the fields in the system will also have the time dependence e −iωt which we will omit in the subsequent equations. Solving Maxwell's equation with the source given by Eq. (1) and the perfectly conducting boundary conditions on the wall, one can find the longitudinal electric field E z (r, z). This field taken on the axis of the pipe and integrated with the factor e −ikz gives the longitudinal impedance at the frequency ω:
We will use the following representation for the components of the electric field
where the dependence of the functionsÊ z andÊ r is considered as a "slow" one, which means that |∂ lnÊ z /∂z| ≪ k, |∂ lnÊ r /∂z| ≪ k. Introducing the characteristic length scale l through l −1 ∼ |∂ lnÊ z /∂z| we require l to be much larger than the reduced wavelength λ. For a small-angle taper the length l will be associated with the transition length. For the high-frequency calculations, as we will see below, l ∼ ka 2 , and the condition l ≫ λ is satisfied if ka ≫ 1.
It is convenient to subtract from the fieldÊ r the vacuum field of the beam
The field E can be considered as generated by the image charges and currents in the walls.
It satisfies the following equation
(the fieldÊ r satisfies the same equation with the source on the right hand side due to the beam). Substituting Eq. (3) into this equation and neglecting the term
comparison with k∂E/∂ζ we obtain the parabolic equation for E,
As was mentioned in the introduction, a remarkable feature of this equation is that the wavenumber k can be eliminated from it by changing the longitudinal coordinate z → z/k.
With this substitution a small wavelength 2π/k associated with the frequency ω is eliminated from the problem.
Using equation ∇ · E = 0, in which we approximately set ∂E z /∂z ≈ ikE z , we can express the longitudinal component of the electric field through the radial one,
The boundary condition for Eq. (6) consists in the requirement that the tangential field on the surface of the pipe vanishes,Ê t = 0 at r = a(z). The tangential componentÊ t in each particular case can be expressed in terms ofÊ r andÊ z . SinceÊ z is related to E through Eq. (7) the boundary condition in general case involves both E and ∂E/∂r on the wall.
III. STEP-IN AND STEP-OUT TRANSITIONS
In this Section we consider an abrupt transition from a pipe of radius b to radius a.
Following terminology of Ref. [5] we will call the case b > a the step-in transition, and the opposite case the step-out, see Fig. 1 . We will apply PE to the calculation of impedances for these transitions, starting with the case of the step-out. The origin of the coordinate system is chosen at the location of the step.
To solve Eq. (6) in the region z > 0 and 0 < r < a it is convenient to introduce the function ψ = rE and dimensionless variables ρ = r/a and ξ = z/2ka 2 . The function ψ(ρ, ξ)
satisfies the following equation:
The boundary condition at ρ = 1 for this equation follows from the requirementÊ z = 0 at the wall of the pipe, which, using Eq. (7), gives
We will also need an initial condition for the function ψ at z = 0, ψ(ρ, 0) = ψ 0 (ρ). The function ψ 0 (ρ) is determined from the following consideration. In the region z < 0 and r < b, which is a straight pipe with perfectly conducting walls, the field is equal to the beam field in free space, and hence E = 0. Because of continuity of E, E = 0 at z = 0, and hence ψ 0 (ρ) = 0 for ρ < b/a. The requirement that the radial electric field at the vertical surface of the metal at z = 0 vanishes means that E = −2I 0 /rc at z = 0 and b < r < a. These two conditions define the function ψ 0 at ξ = 0:
The solution of Eq. (8) can be written as
and the boundary condition (9) is satisfied if ν n are the roots of the Bessel function of the zeroth order, J 0 (ν n ) = 0. The coefficients c n are found from the initial condition using the orthogonality relations for the Bessel functions:
For the function ψ 0 given by Eq. (10) the integration can be carried out analytically with the result
We can now calculate the longitudinal impedance using Eq. (2)
Using Eqs. (11) and (13) one finds,
and using the mathematical identity
valid for x > 0 we arrive at the following expression for Z
where Z 0 = 4π/c = 377 Ohm. This is a well known result for the longitudinal impedance for the step-out in the limit of high frequencies [5] . This impedance is real and corresponds to the energy loss of the beam when it builds up the electromagnetic field in the region of the expanded pipe.
In the case of a step-in transitions, the initial condition ψ 0 = 0 at r < a means that the solution of the parabolic equation in the region z > 0 is identically equal to zero, ψ = 0, and hence Z = 0. The step-in transition does not generate impedance in the limit of high frequencies which is also a well known result [5] . Note that solving PE for the step-in geometry we ignore the nonzero tangential electric field at the vertical part of the wall at z = 0. This boundary condition results in the field which is reflected by the step in the backward direction. Since the backward propagating waves are not accounted for by the parabolic equation, they are being ignored in the calculation based on PE. It is important however that in the limit of high frequencies those waves never catch up and interact with the beam and hence do not contribute to the impedance.
A sequence of step-in and step-out transitions following each other makes a cylindrical collimator-like protrusion into the pipe. To calculate the impedance of such a protrusion, we have to combine the results derived above for the step-in and step-out. Since the impedance of the step-in is zero the impedance of such a protrusion is equal to that of the step-out.
Remarkably, it does not depend on the length of the protrusion.
IV. SMALL-ANGLE TRANSITIONS
In this section we will consider a small-angle transitions shown in Fig. 2 . The pipe radius a(z) varies from the value a 1 on the far left end to the value a 2 on the far right. The smallangle approximation means that |da/dz| ≪ 1. The tangential component of the electric field on the wall should be equal to zero, which approximately can be written aŝ
where a ′ = da/dz. We introduce the function ψ = rE and the new variables ρ = r/a(z) and
, where a 0 is some characteristic value for the pipe radius. We also introduce the ratio α = a(z)/a 0 and consider it as a function of ξ with α ξ denoting the derivative dα/dξ.
From Eq. (6) it follows that the function ψ(ρ, ξ) satisfies the following equation
The boundary condition (18) translates into the following one for the function ψ
We can solve this equation analytically in the limit of a very long transition, when the characteristic length of the transition l is such that l ≫ ka 2 , or |α ξ | ≪ 1. In this limit the right hand side of Eq. (19) can be considered as a perturbation, and in the zeroth approximation the equation is simplified to
and the boundary condition Eq. (20) becomes
The solution of these two equations is
Eq. (2) can be written as
which upon substitution of Eq. (23) gives
We see that in this approximation the impedance is real and depending on the ratio a 2 /a 1 can be either positive of negative. The negative value of the real part of the impedance means that the beam gains energy from the electromagnetic field.
For a 1 = a 2 the lowest order calculation Eq. (25) vanishes and we need to make one more iteration in the small parameter α ξ . We seek solution ψ = ψ 0 + ψ 1 , with |ψ 1 | ≪ |ψ 0 |, where ψ 0 denotes the function ψ found above in the first order (proportional to |α ξ |), and ψ 1 is of the second order. The equation for ψ 1 reads
and the boundary condition for ψ 1 is obtained as a second order approximation in Eq. (20)
The solution of the above two equations is
Putting ψ 1 into Eq. (24) for the impedance we find
with the total impedance
This result was first obtained in Ref. [3] . Note that the second order term Z (1) describes a purely inductive part of the total impedance.
V. NUMERICAL SOLUTION FOR A SMALL-ANGLE COLLIMATOR
The analytical result derived in the previous section is only valid in the limit l ≫ ka 2 . In a more general case when the parameter l/ka 2 is of order of one, one has to invoke numerical methods to solve the parabolic equation. In this Section we will show an example of such a solution for a particular geometry of a collimator given by the equation
where L coll is the parameter that determines the length of the collimator. The value of A for this calculation was chosen A = 0.5.
For numerical solution it is convenient to use the following variables
and consider τ as a function of ζ, and φ as a function of ζ and v, φ(ζ, v), defined in the region 0 < v < 1/2. Then Eq. (19) takes the form
and the boundary condition (20) becomes
where τ ζ = dτ /dζ. Note also that because the radial electric field on the axis is equal to zero, we have
The equation for the collimator wall given by Eq. (32) in terms of the new variables becomes
where ℓ = πL coll /ka To calculate the impedance of the collimator we use Eq. (24) which for the new variables can be written as
Note that the region ζ < 0, preceding the entrance to the collimator, does not contribute to this integral. The contribution from the interval 0 < ζ < ℓ was calculated with the numerically found solution φ. The value of this solution at ζ = ℓ was also used as an initial condition for the straight pipe ζ > ℓ. Using the method described in Section 1 the contribution from this area was computed analytically. that averaged over these oscillations, the imaginary part tends to zero, and the real part approaches a constant value. We expect this constant value to be equal to the impedance of an iris of radius (1 − A)a 0 . Indeed, the impedance of such an iris given by Eq. (17) 
VI. PILLBOX CAVITY
We will now calculate the impedance of a cylindrical cavity of radius a and length L shown in Fig. 6 . The entrance and exit pipes are of radius b. This problem is a combination of step-out and step-in geometries, and we can aplly the solution developed in Section 1 to this geometry. In what follows we will use the dimensionless cavity length L = L/2ka 2 . We can calculate the impedance of the cavity as consisting of two parts. The first one, Z 1 , is the contribution to the integral Eq. (2) from the cavity region 0 < z < L, and the second one, Z 2 , comes from the region L < z, so that
The calculation of the first part follows exactly along the path described in the previous section with the only difference that the integration in Eq. (14) is carried out over the distance 0 < z < L, with the result
Putting ξ = L in Eq. (11) gives the function ψ in the cross section at the exit from the cavity,
To find the function ψ in the region ξ > L one needs to solve the parabolic equation (8) with the initial condition given by Eq. (41) and the boundary condition
where the coefficients c n are given by Eq. (13) . Solving this equation by the method described in the previous section and calculating the impedance Z 2 , gives the following result
Note that this expression is valid for arbitrary relations between L, a and b. In the limit of short cavity, L ≪ kb 2 , the impedance of the pillbox cavity is given by the diffraction model [8] , is shown in Fig. 8 . One might expect that as the length of the cavity L increases, the impedance should tend to the value given by the sum of the impedances of two stepsstep-out an step-in. Since the impedance of step-in is equal to zero, this sum is given by Eq. (17) . However, as is seen from Fig. 8 this occurs only in average-the impedance of the cavity oscillates around a value that agrees with Eq. (17).
We also compared the results for the pillbox cavity obtained through solution of PE with direct numerical simulations using the ABCI computer code [18] . The code was run with the following dimensions of the pillbox cavity: a = 10 cm, b = 5 cm and L = 400 cm, and the impedance was calculated in the frequency range up to 40 GHz. The results of these calculations for the real and imaginary part of the impedance are shown in Fig. 9 . Apart from the fast oscillations in the numerical solution it is seen that the numerically calculated impedance on average agrees with the solution of PE.
VII. CONCLUSIONS
In this paper we presented several results of impedance calculation using an approach based on the parabolic equation. We showed how the known analytical results can be derived within the framework of PE. These include a small-angle collimator, step-in and step-out transitions, and a pillbox cavity.
For the pillbox cavity, our result (Eqs. (40) and (43)) extends the diffraction theory valid in the limit L ≪ kb 2 to the case of arbitrary length of the cavity. It agrees with the diffraction model in the limit of a short cavity, and is confirmed for the case of a long cavity by comparison with direct numerical calculations using the ABCI code.
For the small-angle collimator, we also obtained a numerical solution of PE using a standard partial differential equation solver. This numerical solution agrees with Yokoya's formula in the limit of very large l and tends to the impedance of an iris in the limit l ≪ a 2 /λ.
PE can also be used for calculation of the impedance of a periodic system of irises in a round pipe (a model of disk loaded accelerated structure). The solution of this problem agrees with the previous result which can be found in the literature [6] [7] [8] [9] . This problem, however, is beyond the scope of the present article and will be published in a separate paper.
